Spin Foam Models (SFMs) are covariant formulations of Loop Quantum Gravity (LQG) in 4 dimensions. This work studies the perturbations of SFMs on a flat background. It demonstrates for the first time that smooth curved spacetime geometries satisfying Einstein equation can emerge from discrete SFMs under an appropriate low energy limit, which corresponds to a semiclassical continuum limit of SFMs. In particular, we show that the low energy excitations of SFMs on a flat background give all smooth solutions of linearized Einstein equations (spin-2 gravitons). This indicates that at the linearized level, classical Einstein gravity is indeed the low energy effective theory from SFMs. Thus our result heightens the confidence that covariant LQG is a consistent theory of quantum gravity.
I. INTRODUCTION
The spin foam program is a covariant approach towards a nonperturbative and background-independent quantum theory of gravity [1] [2] [3] [4] . Spin foam models (SFMs), therefore, provide a powerful formalism to analyze the dynamics of Loop Quantum Gravity (LQG) [5] [6] [7] [8] . As state-sum lattice models inspired by topological quantum field theory, SFMs are a LQG analog of Feynman path integral description of quantum gravity [9] [10] [11] . In particular they describe the histories of evolving quantum geometries of space [1, 12] . The study of SFMs has uncovered many remarkable properties in the last two decades. Amongst others, SFMs are finite [13, 14] and have an interesting semiclassical behavior that relates to General Relativity (GR) [15] [16] [17] [18] [19] [20] [21] [22] . Moreover, SFMs are wellbehaved at curvature singularities [23] . This enables us to study singularities in a concrete quantum gravity model. The above properties make SFMs stand out among lattice quantum gravity models.
The semiclassical consistency is one of the most crucial requirements for a candidate quantum gravity theory. Recent results show that SFMs give rise to discrete spacetime geometries in a large spin limit (e.g. [15] [16] [17] ). The discreteness of the geometries is a consequence of the lattice dependence of SFMs. If SFMs do indeed qualify as models of quantum gravity, then there should also exist a continuum limit under which smooth general relativity arises as an effective low energy theory. The construction of such a limit has been a long standing issue in SFMs [24] [25] [26] [27] .
In this paper, we show for the first time that smooth solutions of 4-dimensional Einstein equation emerge from SFMs under an appropriate semiclassical continuum limit (SCL). The limit combines the large spin limit and lattice refinement in a coherent manner; it also can be interpreted as a low energy limit of SFMs. We focus on the perturbations of SFMs on a flat background, and find the low energy excitations from the SCL give all smooth solutions of linearized Einstein equation. Thus the low energy effective theory of SFMs yields classical Einstein theory at the linearized level.
This work can be also understood along the lines of the emergent gravity program. An idea in this program is that gravity, which is geometrical and smooth, might emerge as the low energy excitations from fundamentally entangled qubits (or generally qudits), which are algebraic and discrete [28] [29] [30] [31] [32] [33] . In this paper, we show that SFMs can be rewritten in terms of spacetime tensor networks (TNs), whose fundamental degrees of freedom (DOFs) are entangled qudits at different spacetime locations. Therefore, our results prove to be a working example for the above idea.
II. SPIN FOAM MODELS:
SFMs are defined over 4-dimensional (4d) simplicial triangulations K, which are obtained by gluing 4-simplices σ along their common tetrahedra τ quite similar to the gluing of tetrahedra in 3d triangulation or triangles in 2d triangulation. Thus a triangulation K consists of simplices σ, tetrahedra τ (boundaries of σs), triangles f (boundaries of τs), edges (boundaries of f s) and vertices. Our analysis focuses on K adapted to a hypercubic lattice in R 4 in such a way that each hypercube is triangulated identically by 24 4-simplices (see FIG.1(b) ). Consequently, K is periodic under 4d discrete translations. The same triangulation has been employed in e.g. [34, 35] to study perturbations on a flat background.
A SFM is obtained by associating a state sum,
to K and can be interpreted as the path integral of a triangulated manifold (here R 4 ). In the above state sum, each triangle f is colored by an SU(2) representation J f ∈ Z + /2 and each tetrahedron τ is colored by an SU(2) intertwiner (invariant tensor) i τ . They are quantum numbers labelling histories of LQG quantum geometry states, which are the intermediate states of the path integral. J f , i τ can be related to the area of f and the shape of τ in the semiclassical interpretation [36] [37] [38] . The dynamics of the model is captured in the 4-simplex amplitudes A σ (J f , i τ ) ∈ C associated to each σ. In particular, A σ (J f , i τ ) ∈ C describes the local transition between the arXiv:1812.02110v1 [gr-qc] 5 Dec 2018 quantum geometry states labelled by {J f , i τ } for f, τ on the boundary of σ. The face amplitudes A f (J f ) is the weights of the spin sum, and is often set to be 2J f + 1 for SFMs. The amplitudes A σ (J f , i τ ) depend linearly on the intertwiners i τ and thus are rank-5 tensors on intertwiner spaces. The 4-simplices in K are glued by identifying a pair of τs in σ and σ . This implies that i A σ is equivalent to the inner products between the tensors |A σ at all σs and the maximally entangled states |τ = i τ |i τ ⊗ |i τ , where i τ are shared by pairs of σs. This yields a spacetime tensor network (TN) (FIG.1(a) ) TN(K, J) := ⊗ τ τ| ⊗ σ |A σ (J f ) .
(
Note that the entangled intertwiners (the qudits) are the fundamental DOFs of the TN. Moreover the state sum Z(K) can now be expressed in terms of these TN, that is, Z(K) = J TN(K, J) f A f (J f ).
The following demonstrates that smooth Einstein solutions can emerge from the fundamentally entangled intertwiners. Thus it realizes the idea of emergent gravity from entangled qubits. In order to show this, we employ the integral representation of TN(K, J) [16, 18, 39] (see SM II for details):
where F f is a function that only depends on a set of specific variables X. The details of A f and F f depend on the specific SFM. More details on SFM, TN, and integral representation are given in Appendix A.
Here, we focus on the Euclidean Engle-Pereira-Rovelli-Livine/Freidel-Krasnov (EPRL/FK) model [40, 41] but our results can be generalized to other SFMs, e.g., [19, 42, 43] .
III. LARGE SPIN ANALYSIS:
LQG predicts that the geometrical areas are fundamentally discrete at the Planck scale. The area spectrum [36, 37] relates to the spins via A f = γ J f (J f + 1) 2 P , where γ ∈ R is the Barbero-Immirzi parameter and 2 P ≡ 8πG N . Since the semiclassical area A f 2 P implies J f 1, the semiclassical analysis of SFMs is build on uniformly large (but finite) spins J f = λ j f where λ 1 is the typical value of the spins.
For the following argument, it is important to note that small perturbationsJ + δJ of a given background spinsJ ∼ λ 1 will still be inside this large-J regime. Moreover, the sum J can be replaced through an integral by Poisson resummation formula. Thus,
where N f denotes the number of internal f s in K. Since all k 0 integrals in Z(K) can be negligible (see Appendix B), we will set all k f = 0 hereafter. From previous results e.g. [16, 18, 39] follows that there is a subspace of large J ∈ R N f that determine classical triangle areas. These spin conigurations are called Regge-like and satisfy the triangle area-length relation
The right-hand side determines the area a f ( )/ 2 P of the triangle f in terms of i j , ik , jk being the lengths (in P unit) of 3 edges of a triangle. Since there are less edges than triangles in the bulk of K, Regge-like spins form a proper subset and Eq.(5) defines an embedding map R N → R N f . N is the number of internal edges in K.
Here, we want to consider perturbations on a flat hypercubic lattice with constant spacing (γλ) 1/2 (in P unit), which fixes all edge lengths˚ in K 1 . These edge-lengths in turn determine the Regge-like spins˚ J = J(˚ ) by Eq. (5) . For the study of perturbations around˚ J, it is sufficient to consider a neighborhood N ⊂ R N f of˚ J. N is constructed as follows: Firstly, smooth perturbations =˚ + δ and the embedding Eq.(5) define a submanifold M Regge ⊂ R N f of dimension N . We choose arbitrarilyê i (i = 1, · · · , N f − N ) basis vectors transverse to M Regge . All J = J( ) + i=1 t iê i defines N , with J( ) ∈ M Regge and t i ∈ R. ( , t i ) form a local coordinate system in N (see FIG.1(c) ).
The integral over J can now be split into transverse and Regge-like part as well. That is, d J = [d dt] J( ), where the Jacobian J( ) = |∂ J( )/∂ ,ê i |. To avoid divergence, we regularize the transverse integral ∞ −∞ t i by inserting a Gaussian factor parametrized by 0 < δ 1:
This regularization will be turned off by δ → 0 in the end together with the continuum limit. Eventually all physical quantities should be computed in the continuum limit to remove the triangulation dependence, so their final result should not depend on δ. Another importance of δ will be seen in a moment.
The t i -integral in Z(K) is a Gaussian integral and yields
). Here, F = {F f } f is treated as a complex N f -dimensional vector, and ·, · denotes the Euclidean inner product. Furthermore, we have ignored the boundary terms in the exponent because they are unimportant in the main discussion.
Since the exponent in Eq. (7) scales linearly in λ, we can apply the stationary phase method to Eq. (7) . As long as the exponent in D δ is subleading, we can directly take over the result in [16, 18, 39] . This requires to consider a regime:
In this regime, the dominant contributions of Eq.(7) come from the critical points ( c , X c ), i.e. the solutions of the critical equations ReS = δ X S = δ S = 0, of the action S = j, F . Among the critical equations, ReS = δ X S = 0 implies that a class of critical points can be interpreted geometrically [16, 18] , i.e. we have the following equivalence for the critical points involved in the following discussion:
SFM critical point ↔ 4d simplicial geometry on K. (9) Simplicial geometries, labelled by edge lengths , are discretizations of smooth geometries on triangulation K. The flat hypercubical background geometry corresponds to a critical point (˚ ,X). Perturbations thereof cover critical points ( c , X c ) that correspond to nearly-flat simplicial geometries on K 2 . This implies F f [X c ] = iγε f ( ) where ε f 's are deficit angles, which measure discrete Riemannian curvature. 2 The critical points considered in this work are geometrical and characterized by uniform 4-simplex orientations. The (oriented) 4-simplex volumes
On the other hand, δ S = 0 and Eq.(5) yields the equation of motion (EOM)
and coincides with the Regge equation. Regge equation is a discretization of Einstein equation in 4d [44] . The leading asymptotic behavior of Eq. (7) is determined by the integrand evaluated at the critical point, thus is pro-
1 δ ê i ,γ ε 2 . Due to δ 1, this suppresses the contribution of the critical point ( c , X c ) exponentially unless ê i , γ ε δ 1/2 for all i. Since {∂ J( )/∂ ,ê i } forms a complete basis in R N f , it follows from Eq.(10) that
Eqs. (10) and (11) determine the critical points ( c , X c ) that contribute essentially to Z(K), and thus are the key equations constraining the simplicial geometries emerging in the large spin limit of the model. Eq.(10) can be reduced to a set of linear equations of the deficit angles ε f [34] , because the considered geometries are nearly-flat. That is,
where M is a constant N f × N f matrix. Note that this is a consequence of the nearly-flat geometries, but not a consequence of Eq.(11). By itself, Eq.(11) is compatible with the nonlinear Regge equation, and excludes no nonsingular curved geometry. On a sufficiently refined triangulation, any simplicial geometry approximating a smooth geometry with typical curvature radius ρ satisfies |ε f | a 2 /ρ 2 1, which is consistent with Eq. (11) . Here a is the typical lattice spacing. The simplicial geometries that fail to satisfy Eq.(11) cannot have smooth approximation.
If the regularization in Eq.(6) wasn't imposed, i.e. if δ = 0 as in standard SFMs, then Eq.(11) would imply strict flatness ε f = 0. This strict flatness has been proven to be one of the main obstacles for recovering classical gravity from SFMs [22, [45] [46] [47] . But if δ 0 as above, then small excitations of ε f are allowed, and therefore arbitrary smooth curved geometries may emerge from refined triangulations, while non-geometric configurations remain excluded. are all positive V σ > 0 from these critical points [18] . SFM has other nongeometrical critical points, e.g. the BF type and the vector geometries with all V σ = 0, and geometrical critical points with non-uniformly 4-simplex orientations, i.e. some V σ < 0. The existence of critical points with nonuniform orientations is the origin of the "cosine problem" [18, 39] . However when we choose the background ( c , X c ) to be geometrical with uniform 4-simplex orientations i.e. all V σ > 0, all critical points touched by small perturbation are still geometrical with all V σ > 0.
IV. SEMICLASSICAL CONTINUUM LIMIT:
The above discussion is based on a fixed triangulation K adapted to a hypercubic lattice. From this, we may construct a refined triangulation K by subdividing each hypercube into 16 identical hypercubes, triangulated by simplices in the same manner as above. By refining the hypercubic lattice, we define a sequence of triangulations K µ . K µ is finer than K µ if µ < µ. The continuum limit is µ → 0 in which the vertices in the triangulation become dense in R 4 . The parameter µ will play the role of a mass scale in the theory.
We can now associate a SFM Z(K µ ) to each K µ , with µ → 0 as the continuum limit of SFM. The above large spin analysis can be applied to all Z(K µ ). This gives a sequence of EOMs (10) (or its linearization Eq.(12)) and (11) . All quantities in the equations, e.g. the spins J f , the regulator δ, the simplicial geometries, etc, depend on µ, and flow with µ → 0, which defines the semiclassical continuum limit (SCL). In particular, we will show below that the solutions to the EOM (10) flow to solutions of smooth Einstein equation as µ → 0. This can be derived from the fact that the solutions of linearized Regge equation converge to solutions of linearized Einstein equation as the lattice spacing a → 0 (see [34, 48, 49] ). The EOMs (10) are already Regge equation and it only remains to relate the Regge limit a → 0 and the SFM continuum limit µ → 0. In fact relating the limits is nontrivial and specifies the SCL.
The regulator δ(µ) should flow to zero with µ → 0 in order to guarantee that the continuum result does not depend on δ. Yet, (8) must still be satisfied at every step µ for the above asymptotic analysis of Z(K µ ) to remain valid. Thus, λ(µ) has to grow faster than δ(µ) −1 .
The growing of λ seems to contradict the Regge limit a → 0 as the area a f = γλ j f 2 P and length obtained from Z(K µ ) grow with λ. This contradiction can be resolved by observing that length and area are dimensionful. Their numerical values depend on the choice of unit. At the Planck scale, the background lattice spacing is given by˚ (µ) = (γλ(µ)) 1 2 P . But in the infra-red (IR), we should zoom out to a coarser length scale. This length scale can be directly related to the parameter µ. If µ has the dimension of a mass, then µ −1 has the dimension of a length and we may set
So the lattice spacing a(µ) measured in terms of the µ-scale may still shrink with µ → 0. In this case da(µ)/dµ > 0, which together with (13) implies:
This inequality is not the only restriction. Recall that solutions of Regge equation arise in the leading order stationary phase approximation of Z(K µ ) as λ(µ)
1. The solutions have the (quantum) corrections of O(1/λ). The correction is bounded by C(µ)/λ(µ) with C(µ) > 0, where C(µ) grows as µ → 0 (see Appendix C). As a result, λ(µ) is required to grow in a faster rate, in order to keep C(µ)/λ(µ) small to suppress the 1/λ correction to Regge solutions as µ → 0. It implies
In addition to the constraints (14) and (15), it follows from (11) and ε f a 2 /ρ 2 that there should exist a bound L < ∞ s.t.
Otherwise, the curvature of the emergent geometry ( i.e. ρ −2 = lim ε f (µ)/a(µ) 2 ) would diverge. Before we continue, let us summarize the above discussion: A SCL is described by the flow of the 3 parameters λ(µ), a(µ) and δ(µ) that satisfy (14) , (15) , and (16) . a(µ) and δ(µ) tend to zero in the limit µ → 0, while λ(µ) → ∞ grows faster than δ(µ) −1 . This limit is well-defined because the flows satisfying the requirements always exist (shown in Appendix D). The SFM continuum limit µ → 0 is also an infra-red (IR) limit of SFM, since µ is a mass scale.
V. EMERGENT LINEARIZED GRAVITY:
The above SCL fills the gap between the continuum limits in SFM and Regge calculus. Thus, the sequence of critical points satisfying Eq.(10) under the SCL is the same as the sequence of Regge solutions under a → 0.
The classification of Linearized Regge solutions and their convergence has been studied in [34, 48] . It is shown that the solutions of linearized Regge equation converge to smooth solution of 4d (Riemannian) Einstein equation in the limit a → 0. All the nontrivial geometries obtained from the limit have curvatures as linear combinations of
which are Euclidian analogs of plane waves. Here k · x is the 4d Euclidean inner product and k ∈ C 4 satisfy k · k = 0. W abcd is a traceless constant tensor that spans a 2-dimensional solution space, whose dimensions correspond to the helicity ±2 gravitons.
Recall that the main contributions to Z(K µ ) in the SCL come from critical points that satisfy linearized Regge equation, all other contributions are suppressed. Moreover, the SCL maps the SFM IR limit µ → 0 to Regge calculus limit a → 0. Therefore, the above convergence result of Regge solutions can be applied to SFM as µ → 0, which shows that on a 4d flat background, the low energy excitations of SFM give all smooth solutions of linearized Einstein equation (gravitons).
VI. CONCLUSION AND OUTLOOK:
In the above discussion, we have shown that from the SCL, the low energy excitations of SFM on a flat background give all smooth (linearized) Einstein solutions. It indicates that linearized classical gravity is the effective theory emerging from SFMs at low energy. Our result indicates that the SFM, being a discrete model of fundamentally entangled qudits, is a working example for the idea in emergent gravity program.
Here we showed for the first time that smooth curved spacetimes can emerge from SFMs in a suited continuum limit. It suggests that SFMs have a proper semiclassical limit not only at the discrete level but also in the continuum. Our result, therefore, strengthens the confidence that covariant LQG is a consistent theory of quantum gravity.
Our analysis certainly can be generalized to the nonlinear regime, and even to the case of strong gravitational field. Indeed the large spin analysis doesn't rely on the linearization, and the EOM (10) is nonlinear. The emergence of black hole or cosmological solutions from SFMs can be derived by applying the Regge calculus convergence results in e.g. [50] , similarly as above. These solutions will enable us to study singularities as the high energy excitations from SFMs.
Finally we remark that the flows of SFM parameters λ(µ), a(µ), δ(µ) in the SCL likely relate to a renormalization group flow 3 . Further investigation of the relation may shed light on the renormalization of perturbative gravity. This yields a tensor network,
where the tensors A σ at the vertex is contracted with |τ at the edges (see FIG.2(c) ). In other words, the EPRL pair of |i τ in |τ is associated to the two ends of the edge in FIG.2(c) , and contracted with the pair |A σ , |A σ (σ ∩ σ = τ) at the two ends 4 . Inserting (A8) into (A1) finally gives
Note that both, TN(K, J) and Z(K), are wave functions of boundary SFM data if ∂K ∅, or numbers if ∂K = ∅.
Due to the presence of the maximal entangled states |τ , the tensor network formulation (A9) allows to interpret SFMs as models of entangled qubits (or more precisely qudits). Recent advances in condense matter suggest that entangled qubits and their quantum information might be fundamental, while gravity might be emergent phenomena (see e.g. [53] ). Our results demonstrate that SFMs are concrete examples, in which gravity emerges from fundamentally entangled qubits, and therefore relate quantum gravity to quantum information.
An important step in establishing the results of this paper is to analyze the behavior of (A9) for large spins. This is best studied in the integral representation of TN(K, J) [18, 39] :
where g ± στ ∈ SU(2) × SU (2) and ξ τ f ∈ C 2 are normalized spinors, < ·|· > is the Hermitian inner product and F f is expressed as
The above integral representation is valid for γ < 1. For γ > 1 one obtains a similar expression (see [18] ).
Appendix B: Large Spin Analysis
The LQG area spectrum is given by
Thus the limit → 0, for which 2 P a f , corresponds to large spins J f 1. This is why the semiclassical analysis of SFMs focuses on the large-J regime of the state-sum Eq.(A9). Obviously any perturbationJ + δJ of a given SFM configuration J 1 remains in this large J-regime. Since the action f J f F f scales linearly under the rescaling J f = λ j f (here λ is understood as the typical value of spins on K), the asymptotic behavior of Z(K) for λ 1 can be studied by performing a stationary phase analysis. Moreover, we may use Poisson resummation formula to replace the sum over large spins by an integral. If there are N f triangles in K and γ = p/q (p, q ∼ O(1)), where p + q is odd (i.e. J ∈ qZ), then we obtain
For p + q even and J ∈ qZ/2 one simply has to replace q by q/2 in the above formula. Here, X is a short-hand notation for the integration variables X = (g ± στ , ξ τ f ). There is a subspace of J ∈ R N f in the large J-regime that has the interpretation of classical triangle areas. These Js are called Regge-like and satisfy the triangle area-length relation:
The right-hand side is the classical area a f ( )/ 2 P of the triangle f , whose vertices are labelled by i, j, k. i j is the length (in Planck unit) of the edge connecting the vertex i and the vertex j of a triangle. As shown in [18, 54] , only those Regge-like Js lead to classical geometries in the asymptotic expansion of Z(K). Moreover, Eq. (B3) determines a proper subspace in R N f since generically the number of edges in K is less than the number of triangles. In particular, this applies to the triangulation used in the main text of this paper (see Section F for details).
We are interested in perturbations˚ + δ of a fixed back-ground˚ .˚ is defined in the letter as a triangulated flat geometry. By Eq.(B3), the perturbations generates the submanifold M Regge in the space of spins R N f . Any spin in a neighborhood N ⊂ R N f of M Regge can be uniquely decomposed into a tangential and a transverse part to M Regge . Letê i denote the basis vectors transverse to M Regge and N the number of edges, then
with M = N f − N . So ( , t i ) form a local coordinate system in N where non-Regge-like J have at least one t i 0. This choice of coordinate system is very helpful in studying perturbations on flat spacetime in SFM.
We can use this local coordinates ( , t i ) to split the integral over J into tangential and transverse part. That is, d J = [d dt] J( ), where J( ) = |∂ J( )/∂ ,ê i ( )| is the Jacobian. We regulate the transverse integral of t i by inserting a Gaussian factor
to avoid divergence. The regulator will be turned off (δ → 0) together with the continuum limit. In addition it should satisfy
for reasons that are explained below. The t i -integral is simple and can be directly integrated:
Here we used the short-hand notation Ψ i (k) = ê i , F + 2πi k/q with F = {F f } f ∈ C N f and Euclidean inner product ·, · . Inserting (B7) into Z(K) yields
Here, we have ignored all boundary terms in the exponent, since they do not play an important role in the main discussion. The integrals in Z(K) can be analyzed by using stationary phase approximation. Due to λ δ −1 1, the asymptotic behaviors of the integrals are determined by the critical points of
The critical points x c are solutions of the critical equations
The critical equations are as follows: The equation of motion δ S = 0 gives
and Re(S ) = δ X S = 0 yields (see [18] for details)
i) The closure condition
ii) The gluing condition
where the unit vectorn τ f =< ξ τ f | σ|ξ τ f > and σ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. A class of SFM critical points ( j f , g ± στ , ξ τ f ) ≡ ( j f , X) satisfying Eqs.(B13) and (B14) determine simplicial geometries on K [17] . In brief, Eq.(B13) endows all tetrahedra τ with a geometry, in which the triangle areas are proportional to j f , andn τ f is the unit normal vector of f in τ. Eq.(B14) guarantees that the 5 tetrahedra on the boundary of each 4-simplex σ can be consistently glued. Consequently, Eq.(B14) assigns a geometry to σ where g ± στ are the geometrical parallel transports that relate the local reference frames at the centers of σ and τ. Since the tetrahedra are shared by neighboring 4simplices, i.e. τ = σ ∩ σ , the geometries of σ, σ are glued and reconstruct a geometry on the entire K. Note that a solution of Eqs.(B13) and (B14) always exists because here the spins j f = j f ( ) in Z(K) are Regge-like. Moreover, this solution corresponds to a simplicial geometry with edge-lengths .
In the following, we consider the same triangulation K as in the main text of this paper, which is adapted to a hypercubic lattice in R 4 .˚ J f = J f (˚ ) is determined by a flat background geometry on K, where˚ are the edge-lengths and (γλ) 1/2 P is the constant lattice spacing of the hypercubic lattice. The background flat geometry˚ corresponds to a critical point (j f ,X); and perturbations (j f + δ j f ,X + δX) thereof, where j f + δ j f is determined by the edge-length perturbation˚ + δ in Z(K) formulated by Eq.(B9).
The critical points considered in this work are geometrical and characterized by uniform 4-simplex orientations. The (oriented) 4-simplex volumes are all positive V σ > 0 from these critical points [18] . SFM has other non-geometrical critical points, e.g. the BF type and the vector geometries with all V σ = 0, and geometrical critical points with non-uniformly 4-simplex orientations, i.e. some V σ < 0. The existence of critical points with non-uniform orientations is the origin of the "cosine problem" [18, 39] . However when we choose the background (j f ,X) to be geometrical with uniform 4-simplex orientations i.e. all V σ > 0, all critical points touched by small perturbation are still geometrical with all V σ > 0.
Note that the deficit angles ε f are all small for small perturbations (j f + δ j f ,X + δX) of the flat geometry. Therefore, Eq.(B27) can only be satisfied for k f = 0. So D (k) δ suppresses the kth integral in the perturbative regime unless k = 0. The critical points contributing to k 0 integrals are far away from the perturbative regime.
As a result, the equation of motions (B12) obtained from perturbations of the flat background all correspond to EOMS with k = 0. These coincides with the Regge equation of discrete gravity:
where we set k = 0 and a f = γJ f 2 P in Eq.(B12). Additionally, the solution is subject to the following constraint from SFM:
To summarize, the solutions of Eqs.(B28) and (B29) are the critical points that contribute dominantly to Z(K).
Appendix C: Expansion of the linearized theory
The large spin analysis uses the stationary phase approximation, which is an 1/λ asymptotic expansion of integrals in Eq.(B9). We focus on the expansion of the integral with k = 0, at the level of the linearized theory.
We write δX = δX( ) + δX, where δX( ) solves the critical equations δ X S = Re(S ) = 0. By this change of variables,
From the discussion in the last section, we know that S [˚ + δ ,X + δX( )] is the Regge action. At the quadratic order,
has been studied in [35] , in which the Hessian matrix H was shown to be degenerate. The kernel of the Hessian contains We obtain the following bound of error for the large spin analysis in the last section 5
Here K ⊥ is the nondegenerate part of H , and N = rank(K ⊥ ) + rank(H XX ). The integral [dδ ] is over solutions of linearized Regge equations and zero modes. C > 0 bounds the 1/λ correction [56] . The semiclassical approximation by Regge solutions is valid when the 1/λ corrections are negligible, i.e. when C δ /λ is small. The bound relates to the derivatives of D δ by [56] C
where c is a constant. Since ∂ 2 D δ ∼ δ −2 from the exponential (δ −M in Eq.(B9) is an overall constant),
has to be satisfied to validate the expansion, which makes Eq.(B6) more precise. Eq.(C3) is the expansion at the level of linearized theory, whose asymptotics is an integral over critical solutions (solutions of EOM and zero modes). It indicates that the critical solutions contribute dominantly to the SFM. In this paper we mainly discuss the convergence of critical solutions under the semiclassical continuum limit. In a companion paper [57] , we report the result of graviton propagator and the continuum limit, in which we apply gauge fixings to remove zero modes. for all Z(K µ ), it gives a sequence of Eqs.(B28) and (B29) on the sequence of K µ :
All quantities in the equations, e.g. the spins J f , the regulator δ, and the simplicial geometries, etc, depend on µ, and flow toward µ → 0. We set the triangulation label µ to be a mass scale such that µ −1 is a new length unit. Then a f (µ) = α f (µ)µ −2 . The lattice spacing a(µ) is given by the background flat geometry on K µ :
We define the semiclassical continuum limit (SCL) as the flow of the 3 parameters λ(µ), a(µ), δ(µ), where a(µ), δ(µ) → 0 and λ(µ) → ∞ (λ(µ) δ(µ) −2 ) for µ → 0. In addition, these flows should satisfy
Here, C(µ) is the bound in Eq.(C3), which now depends on µ for the expansion of Z(K µ ). The constraint Eqs.(D3) -(D5) are necessary due to the following reasons: Firstly, the motivation for the SCL is to relate the SFM continuum limit µ → 0 to the continuum limit a → 0 in Regge calculus, so that we can apply the convergence result in Regge calculus to the solutions of Eqs.(B28) and (B29). Obviously, this requires that the lattice space a(µ) 2 ∝ λ(µ)µ 2 → 0 as µ → 0. Thus,
which yields Eq.(D3). Secondly, the 1/λ correction has to be small for all µ, in order that classical Regge solutions are the leading orders of Z(K µ ). It is important to have Regge solutions at all µ to apply the convergence result in Regge calculus. This demands Eq.(C3) to be valid for all Z(K µ ) with C(µ)/λ(µ) being always small. C(µ) ∼ δ(µ) −2 grows when the triangulation is refined. Thus, λ(µ) is required to grow in a faster rate in order to suppress C(µ)/λ(µ) as µ → 0. This requires
This condition guarantee that Eq.(C3) is valid at all µ, with the 1/λ correction being always small, i.e. the following bound holds in the continuum limit µ → 0:
where µ = 1 is the starting point of the flow.
Thirdly, the simplicial geometry should approximates a smooth geometry. If this is the case then the typical curvature radius ρ of the smooth geometry relates to the deficit angle of the simplicial geometry by ρ −2 ε f a −2 . The regulator δ and conditions (B29) and (D5) guarantee that the curvature ρ −2 of the emergent geometry is bounded (geometry is nonsingular) as µ → 0.
Eqs.(D3) -(D5) have nontrivial implications for the SCL: In order that a satisfactory flow λ(µ) exists, Eqs.(D3) and (D4) have to be consistent, i.e.
which yields a restriction to the assignment of µ to K µ . Since µ is assigned to a sequence of triangulations K µ ≡ K µ n ≡ K n (µ n−1 > µ n ), the variable µ ≡ µ n is actually discrete. In the above, we have assumed that C(µ n ) and λ(µ n ) can be continued to differentiable functions C(µ) and λ(µ). Integrating Eq.(D10) leads to
which implies the following constraint on µ n :
Note that, µ n satisfying this constraint always exists. Once we have a satisfactory assignment of µ to K µ , the running behavior of λ(µ) is constrained by
In addition, Eqs.(D5) and (B6) requires δ(µ) to satisfy
where Lγ −2 −2 P is the bound of δ(µ) 1/2 /a(µ) 2 . The existence of a satisfactory δ(µ) requires that
which is another constraint for the flow λ(µ).
A flow λ(µ) satisfying both constraints Eqs.(D13) and (D15) always exists. The following provides a satisfactory example of λ(µ). Consider the ansatz:
where λ(1) is the initial value of λ(µ) at µ = 1. Eq.(D13) implies
The second inequality certainly can be satisfied by a suitable assignment of µ to K µ , by a similar derivation showing Eq.(D10) can be satisfied (replacing 2 µ by 2−u µ ). It doesn't restrict the value of u. But combining (D15), we obtain an upper bound of u:
If u is within the above range then we obtain a satisfactory flow λ(µ) = λ(1)µ −2+u , which implies a(µ) = µ u/2 γλ(1) 2 P , and λ(1) −1/2 µ 1−u/2 δ(µ) ≤ L 2 µ 2u . This example illustrates that flows λ(µ), a(µ), δ(µ), which satisfy Eqs.(D3) -(D5) always exist. So the SCL of SFM is well-defined.
tensor R abcd [f] given by
Here ζ is the area measure of f and U ab is the bi-vector of the triangle f . One can now show that the sequence of solutions to Eq.(E8) converges for a → 0 if R abcd converges as a distribution provided that ε f /a 2 remains bounded [34, 48] . Note that in the SCL defined above the latter condition is automatically satisfied due to the regulator δ and Eq.(D5). It is more convenient to consider a stronger convergence for the sequence of solutions ε f (a). Namely we require that ε f (a)/a 2 converges for all f as a → 0, which clearly implies the above convergence criterion.
In [48] it was shown that for any family of vectors Ω(a), for which Ω(0) = (1, 1, 1, 1) and Ω (0) exist, and any solution ε (0) f of Eq.(E8) at a finite a 0 there exists a sequence of solutions ε f (a) of Eq.(E8) such that ε f (a 0 ) = ε (0) f . Moreover, the limit ε f (a)/a 2 as a → 0 exists for all f and the discrete curvature tensor R abcd converges to
where W abcd is a traceless complex constant tensor, and · is the 4d Euclidean inner product. There are 3 possible cases for different k ≡ Ω (0) ∈ C 4 . Case 1: If k 0 satisfies k · k = 0 then W abcd spans a 2dimensional solution space, where the dimension corresponds to the helicity ±2 of gravitons. Note that k has to be complex, otherwise k · k = 0 would imply k = 0.
Let U and V denote the real and imaginary part of the tensor W, and m and l the real and imaginary part of k. The real part of Eq.(E10) is
The appearance of exp(−l · x) is due to the difference between Minkowskian and Euclidean signatures. Case 2: For k 0 and k · k 0, the solution space is 1dimensional and R abcd converges to zero.
Case 3: For k = 0 the vector Ω(a) = (1, 1, 1, 1) is a constant and R abcd converges to a nonzero constant. The solution space corresponds to the full 10-dimensional space of traceless tensors W abcd .
The geometries in Case 1 are smooth solutions of linearized Einstein equation, as Euclidean analog of plane waves. They correspond to the nontrivial low energy excitations from SFM under SCL. Case 2 with R abcd = 0 doesn't change the flat background geometry and, thus, correspond to purely gauge fluctuations of the triangulation in the flat geometry.
The solutions in Case 3 deserves some further explanation. Although those solutions appear in addition to the "plane wave" geometries Eq.(E11), they only associate to k = 0. So the set of solutions in case 3 is of measure-zero in the space of all solutions. The space of all solutions in the continuum limit is infinite-dimensional, although the solution space with a fixed k is finite-dimensional. A generic linear combination
is insensitive to the value of W abcd (0) (solution in Case 3). The above R abcd (x) is a Euclidean analog of a realistic gravitational wave that is not a purely plane wave but has a distribution W abcd (k).
Among the zero modes mentioned in Section C, 4 diffeomorphisms have been taken care in the above analysis because of using deficit angle variables, which leads to ±2 helicities. The hyperdiagonal zero mode has the same behavior as in Case 2, i.e. it converges to zero curvature R abcd = 0 [34] . The analysis in this paper is based on a fixed type of triangulation K. In this section we collect a couple of useful properties of K.
K is adapted to a 4-dimensional hypercube lattice in which each lattice cell is a triangulated hypercube (FIG.4) . Each vertex of the hypercube is labelled by a number from 0 to 15. Note that the vertex number written in binary form (n 1 , n 2 , n 3 , n 4 ) with n i = 0, 1 yields the components of the vector from the origin to the vertex. Thus the vertex numbers define 15 lattice vectors at the origin, which are edges and various diagonals of the hypercube and subdivide the hypercube into 24 4-simplices. The triangulation K is made from the hypercube lattice by simply translating the triangulation from one hypercube to another. In order to simplify the problem, one can consider K as a N 4 lattice. Among those hypercubic cells, a hypercube whose lattice components contain 0 or N −1 lies on the boundary of the lattice. A hypercube whose lattice components do not contain 0 or N − 1 is in the bulk.
A single triangulated hypercube has 65 edges, 110 triangles and 24 4-simplices. However, the numbers of the edges and the triangles per bulk cell in the lattice is smaller than those numbers for a single hypercube since triangles and edges are shared by different hypercube cells. If there are n edges or triangles parallels to each other in a single triangulated hypercube then each of those edges or triangles will be shared by n hypercube cells in the bulk of the lattice. Thus the effective weight of those edges or faces in a cell is 1/n.
For example, in a single hypercube the triangle (4, 5, 15) is the only triangle that is parallel to (0, 1, 11). One finds that the shift vector between (0, 1, 11) and (4, 5, 15) is (0, 1, 0, 0). In the bulk of the lattice, the triangle (4, 5, 15) of cell with lattice coordinate (t, x − 1, y, z) coincides with the triangle (0, 1, 11) of the cell (t, x, y, z). Similarly, the triangle (0, 1, 11) in the cell (t, x + 1, y, z) coincides with (4, 5, 15) in cell (t, x, y, z). Thus the bulk cell (t, x, y, z) only posses half of the triangle (0, 1, 11) and half of (4, 5, 15) . Similar arguments work for all the other faces and edges in the bulk of the lattice K. So in the lattice, each bulk hypercube only posses 15 edges and 50 triangles.
Furthermore, we can define a coincide number ψ of a triangle f where ψ = m + 1 if one triangle f coincide with m triangles coming from other cells. The maximum value of ψ( f ) is equal to one plus the number of the triangles that are parallel to f in a single isolated hypercube 6 . For any triangle f in a bulk cell, ψ( f ) must be equal to its maximum value. But in a boundary cell, not all the triangles have maximum ψ( f ). Those triangles lie in the boundary triangles.
In an N 4 lattice, the boundary hypercubes contribute 356 + 574(N − 2) + 310(N − 2) 2 + 56(N − 2) 3 boundary triangles and 80 + 148(N − 2) + 84(N − 2) 2 + 14(N − 2) 3 boundary edges. So in the bulk, there are 50N 4 − (356 + 574(N − 2) + 310(N − 2) 2 + 56(N − 2) 3 ) triangles and 15N 4 − (80 + 148(N − 2) + 84(N − 2) 2 + 14(N − 2) 3 ) edges. When N tends to be large, the ratio between the number of bulk edges and the number of bulk triangles will converge to 3 : 10 .
Furthermore one can show that every bulk triangle is shared by an even number of 4-simplices because any triangle within a single triangulated hypercube must be shared by 1,2,4 or 6 4-simplices. Defineñ( f ) to be the total number of 4-simplices within a hypercube that are sharing the triangle f . We call f of type-1 ifñ( f ) = 1, or of type-2 ifñ( f ) 1 respectively. There are 24 type-1 triangles in a single hypercube. TABLE.I lists all of those triangles and the triangles parallel to them. that parallel to each other. The triangles appears in the first two lines are type-1 and the triangles in the last two lines are type-2.
type-1 (1,5,13) (1,3,7) (1,3,11) (1,9,13) (1,9,11) (2,6,7)
(2,3,7) (2,3,11) (2,10,11) (4,5,7) (4,6,7) type-1 (2,6,14) (8,10,14) (4,6,14) (2,10,14) (4,12,14) (8,12,13) (8,9,13) (4,5,13) (4,12,13) (8,9,11) (8,10,11) type-2 (0,4,12) (0,2,6) (5,7,15) (3,11,15) (5,13,15) (10,14,15) (10,11,15) (0,1,9) (0, 8, 9) (0,1,3) (0,2,3) type-2 (3,7,15) (9,11,15) (0,2,10) (0,8,12) (0,8,10) (0,4,5) (0,1,5) (6,7,15) (6,14,15) (12,13,15) (12, 14, 15) Obviously some of the triangles are shared by different hypercubes. For those triangles one should add upñ( f ) in different hypercubes in order to count how many 4-simplices are sharing the face f . TABLE.I shows that each of the type-1 triangle must be parallel to another type-1 triangle and two type-2 triangles. From this we may conclude:
• Any triangle shown in the TABLE.I is shared by 4 hypercubes. In two of those hypercubes, the triangle is type-1 and in the other two hypercubes, it is type-2.
• The triangles listed in the same column are shared by the same number of 4-simplices. Explicitly, the triangle (x, y, z) is shared by fñ ( f ) of 4-simplices, where f stands for all the triangles that are in the column and contain triangle (x, y, z). Moreover, fñ ( f ) must be even since it can be expressed as 1 + 1 plus two even number.
• For the other type-2 triangle in the TABLE.I, the number of 4-simplices shared by it should be the sum of 2, 4 or 6, which is also even.
Thus in the bulk of K, every triangle is shared by an even number of 4-simplices.
